Ricci tensor. If h is a Kahler metric, the first condition is automatically satisfied, whereas the second one means that h is Einstein. More generally, if h is conformal to a Kahler metric g (i.e. h = f~2g for a positive smooth function / on M), then the above two conditions are equivalent respectively to the following properties of the Kahler metric g and the conformal factor / (see [2] and [15] ):
(i) Jgrad^/ is a Killing vector field of g; f\ir\ n
(ii) 7-2z--is a self-dual two form, where 7 is the Ricci form of (^, J).
For any compact Einstein Hermitian surface (M, J, h) the Riemannian version of the Goldberg-Sachs theorem [24] , [20] combined with the results of Derdzinski [10] and Boyer [9] imply that h is conformal to a Kahler metric g^ and the conformal factor / (which in this case satisfies simultaneously (i) and (ii)) is either a constant (i.e., h is a Kahler-Einstein metric), or else g has a non-constant, everywhere positive scalar curvature 5, and / is a constant multiple of s [10] . In the latter situation the condition (i) means that g is an extremal Kahler metric [10] , while (ii) implies that the anti-canonical bundle of (M, J) is ample [15] , [19] .
Compact Hermitian surfaces with J-invariant Ricci tensor have been studied in [2] and it has been proved that if the first Betti number is even, then the Hermitian metric is still conformally Kahler. The existence of non-Kahler, Hermitian metrics with J-invariant Ricci tensor on compact complex surfaces with even first Betti number is then equivalent to the existence of Kahler metrics admitting non-trivial Killing vector fields with zeroes.
The purpose of this paper is to study the compact Hermitian surfaces (M, /i, J) with J-anti-invariant traceless Ricci tensor which, in addition, are locally conformally Kahler. These surfaces can be characterized by the property that at any point the Kahler form is an eigenform of the curvature operator. The (almost) Hermitian manifolds satisfying the latter condition are known in the literature as (weakly) ^-Einstein manifolds, cf. [29] , and the corresponding eigenfunction (non-constant in general) is usually called -scalar curvature. Since on a compact complex surface (M, J) with even first Betti number every locally conformally Kahler metric h is (globally) conformal to a Kahler metric g = f' 2 h [30] , the *-Einstein condition on h is then equivalent to (ii). where Seal ((7) denotes the scalar curvature of a Riemannian metric g. It is well known that the Einstein metrics are the critical points of S acting on the space of all Riemannian metrics on M, while if S is restricted on the Hermitian metrics with respect to J, then its critical points are the metrics with J-anti-invariant traceless Ricci tensor and constant scalar curvature (cf. [8, ch. 4] ). We ask whether there are compact * -Einstein Hermitian surfaces of constant scalar curvature which are not Einstein 7 One of our objectives here is to show that the answer to this question is yes. We will accomplish this by explicitly constructing such metrics on the conformally flat Hopf surfaces which, as it is well-known, do not admit Einstein metrics at all. According to [9] , [23] , [13] , any such a surface (M, J) admits a unique (up to homothety) conformally flat Hermitian metric g with parallel Lee form 0, which is usually called Vaisman metric. Starting from g we construct a new Hermitian metric
which is *-Einstein, and has constant scalar and *-scalar curvatures (see Section 4) . Moreover, we prove that the metrics h constructed as above can be in fact characterized by the latter property, i.e., we have the following A well known result of Jensen [16] says that any locally homogeneous, Einstein 4-manifold is locally symmetric. Concerning our weakly Einstein condition, it follows from Theorem 1 that the only locally homogeneous *-Einstein, non-Einstein Hermitian metrics on compact complex surfaces are those obtained from the Vaisman metrics of the conformally flat Hopf surfaces via (*).
The main point in the proof of Theorem 1 is to show that either the metric h is Kahler-Einstein, or (up to homothety) the eigenvalues of its Ricci tensor are equal to 0,2,1,1. To do this we use suitable estimates of the T^-norm of the Ricci tensor involving the scalar curvature and the Z^-norm of the Lee form, obtained as a consequence of the second Bianchi identity. In the second case it follows from Gauduchon's Plurigenera theorem [11] that the Kodaira dimension of (M,J) is -oo, i.e., (M, J) belongs to class VII of the Kodaira-Enriques classification. The first Betti number of M is then equal to 1, cf. [5] , and a Bochner type argument shows that the (Riemannian) universal cover of (M, h) is IR x TV, where TV is a compact Sasakian 3-manifold. Therefore the Hermitian surface (M, /i, J) is a generalized Hopf surface [31] , i.e., the Lee form of (/^, J) is parallel. Now Theorem 1 follows by the observation that any *-Einstein generalized Hopf metric is obtained from a conformally flat one via (*) (Section 4, Theorem 2), which amounts to a deformation of the induced Sasakian structure on N into an Einstein one (see [22] , [14] ).
As a by-product of the proof of Theorem 1 we show that the classification of the locally conformally Kahler metrics with parallel Lee form and constant, non-negative scalar curvature is equivalent to that of the conformally flat ones given in [9] , [23] , (Section 4, Remark 3).
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Examples of compact *-Einstein Hermitian surfaces.
In this section we present a detailed description of a number of examples of *-Einstein Hermitian metrics which are not Einstein.
*-Einstein metrics on S 1 x S 3 and CP^CP

.
Let h be a Riemannian metric in four dimensions with an isometric action of the group U(2) and suppose that the generic orbit is 3-dimensional. It is known [27] that if h is Einstein, then (locally) it has the following diagonal form:
where t is a coordinate transverse to the £/(2)-orbits, g(t) and f{t) are positive smooth functions, and a,, % = 1,2,3 are the invariant 1-forms on the sphere S 3 satisfying do-i = 0-2 A 0-3 and cyclically. It is also known (cf. [8, 9.127] ) that the only compact example of a non-homogeneous Einstein metric of the above form is the Page metric on CP^CP 2 (or its Za-quotient). In this subsection we will look more carefully at the Page construction in order to provide a natural 1-parameter family of £/(2)-invariant, *-Einstein Hermitian metrics on CP^CP 2 ; the only metric of constant scalar curvature in this family is the Page metric. We also construct a homogeneous, *-Einstein Hermitian metric on C 2 -{0} R It is known (cf. [7, expose 15] ) that the Ricci tensor Ric of the metric h is diagonal and it is given by
Let J be the almost complex structure defined by J-= -- 
An obvious solution of (3) is g = -f = const. Therefore the product of the standard metric on R with the Berger metric a{ + aj + -aj on S 3 is a *-Einstein, non-Einstein Hermitian metric on C 2 -{0} ^ R x S 3 , which is clearly of constant scalar and *-scalar curvatures (it is, in fact, a locally homogeneous Hermitian structure). It can be shown that this construction actually provides *-Einstein Hermitian metrics on any conformally flat primary Hopf surface, the compact quotient of C 2 -{0} by a cyclic group < 7 >, where 7 : (^1,^2) ^ (o^i^Q^); \a^\ = \a^\ > 1 (cf. [13] ). Our main result, Theorem 1, states that these examples exhaust all compact, non-Kahler, *-Einstein Hermitian surfaces of constant scalar and ^-scalar curvatures.
We will resolve (3) also on the compact manifold CP^CP 2 . Following [7, expose 15], we first note that a metric h defined on (-a, a) x S' 3 by (1) induces a smooth metric on CP^CP 2 iff the corresponding functions / and g satisfy the following boundary conditions:
We will look for solutions / and g of (3), such that / = A(-\/l -g 2 )' where A is a constant. Let us introduce a new variable x == ^/l -g 2 and a new function z{x) such that x' = ^/-z(x). Then the equation (3) reduces to
The function z(x) = ----{x 2 -1) is a solution of (5) where w^, i = 1,2,3 are positive functions of t. Suppose that such a metric h is not Einstein, has no U (2) -symmetries, and admits a compatible complex structure J such that the traceless Ricci tensor of h is J-antiinvariant. Then it is easily seen that J itself must be S'(7(2)-invariant, and the existence of such a complex structure is then equivalent to the existence of a solution to a system of three ODE of second order for the functions w^, % == 1,2,3. Taking appropriate local solutions of this system we see that there are germs of Hermitian metrics with J-anti-invariant traceless Ricci tensor whose self-dual Weyl tensor is non-degenerate. In contrast, the self-dual Weyl tensor of any Hermitian surface of J-invariant Ricci tensor is degenerate according to the Riemannian version of the Robinson-Shild theorem [2] . D
*-Einstein metrics on products of Riemann surfaces.
Suppose that (M,^,J) is a Kahler surface which is the product of two compact oriented Riemann surfaces (X,gx) and (Y,^y). If the corresponding Gauss curvatures sx and SY are both constant, an argument 1680 V. APOSTOLOV, 0. MUSKAROV from [1, pp. 3059] shows that the conformal class of (7 contains a *-Einstein metric iff g itself is Einstein (i.e. iff sx = 5y).
In this subsection we consider the general case when gx and gy are arbitrary metrics on X and V, respectively. Let gx = ^Qx-i where gx is a metric of constant Gauss curvature, and ip is a (non-constant) smooth function on X. We will show that for M = CP 1 x CP 1 and M = X x V, where X and Y are Riemann surfaces of genus g(X) > 2, ^(""K) ^ 1, there always exists a conformal metric /i = e~2^g on (M,J), which is *-Einstein, but non-Einstein, provided that gy is taken to be of constant Gauss curvature. Indeed, if (f) depends on X only, then the *-Einstein equation for the metric h reads as (see (ii)) (6) A^+^^ye^,
where A is the Laplacian of gx, ^ is the function
and sx denotes the constant Gauss curvature of gx-It follows from (6) that SY must be a constant, say a. Set
Vol^x^o-/ ^dV-^ = 47rx(X) + 2 /' gx{d^d^dV-^Ĵ x Jx
where ^(X) is the Euler characteristic of X. Substituting rj = '0+7, with 7 determined by the conditions A7 = /-A-/^) ^d fy 7^^x = ^? ^n e equation (6) takes the form (7) e-^Ayy+^o) = ae~^.
So, any function (f) on X such that (7) has a smooth solution 77 determines a Kahler metric g on X x Y with h = e~2^g being *-Einstein. The equation (7) presents fairly in the literature in connection with the problem of existence of Riemannian metrics with prescribed Gauss curvature, see for example [4, ch. 5] and the references included there. In particular, it is known that in the cases /^o < 0,a < 0 and fiQ = a = 0 the equation (7) has a smooth solution on any compact Riemann surface (see [4, 5.9] ), while if IIQ ^ 0,a > 0 it may not admit any solution [17] . Notice that if \{X) < 0, then the condition p,o ^ 0 can be always satisfied by rescaling 
Second Bianchi identity for *-Einstein Hermitian surfaces.
Let (M, h) be a 4-dimensional oriented Riemannian manifold. We denote by A 2 M = A^~M ®A~M the bundle of 2-forms on M, where A'^M, resp. A~M, is the bundle of self-dual, resp. anti-self-dual, 2-forms, i.e., the eigen-sub-bundle with respect to the eigenvalue +1, resp. -1, of the Hodge operator * acting as an involution on A 2 M. We will freely identify vectors and covectors via the metric h and, accordingly, a 2-form (f) with the corresponding skew-symmetric endomorphism of the tangent bundle TM where C^~ denotes the self-dual part of (7. We denote by -6, the Lee form of (h, J) defined by dF = 0 A F or, equivalently, 0 = J6F', -<1> = (c^)+, the self-dual part of d6\ it is easily checked that the inner product of d0 and F vanishes identically, so that <1> is actually a section of A^-M;
-^ = -J o (c^)+, again a section of A^"M;
-^, the conformal scalar curvature, defined by K, = S/^W'^F),.^); it is well known that K is the scalar curvature with respect to h of the canonical Weyl structure associated to the Hermitian structure (/i, J), see [32] , [12] . The conformal scalar curvature is conformally covariant of weight -2, and it is related to the Riemannian scalar curvature s by (see e.g\ [12] )
-5*, the ^-scalar curvature, defined by 5* = 2/i(J?(F),F); it is easily seen that s* = ^ (2/^ + s) and hence the equality (9) can be rewritten as
The self-dual Weyl tensor W^~ splits under the action of unitary group U(2) (induced by J) into two pieces W^~ and W}, defined as follows [29] , If M is compact, each of the above conditions is equivalent to d6 = 0, i.e., h being locally conformally Kahler metric, globally conformally Kahler if, in addition, the first Betti number 61 (M) is even [30] .
The vector bundle V splits as V = V^ C V~ [2] , where:
V^ is identified with the (real) cotangent bundle T*M bŷ We denote by (^TV 4 ")"^, resp. (<W+)~, the component of<W+ on V+, resp. V". Then the corresponding 1-form a of (SW^)^ via (11) is given by [2] (12) a=-
Moreover, according to [2, Theorem 1] we have that (6W~^~)~ ^ 0 iff W^ = 0.
The traceless Ricci tensor Rico decomposes into the sum of two U(2)-irreducible components, its J-invariant and J-anti-invariant part. It is known (cf. [32] ) that the J-anti-invariant part Ric^1 of the traceless Ricci tensor of a Hermitian surface (M, h, J) is given by
A 
=-^ds(JX)+^R[co(e,JX),
which, together with (12) and (14), eventually gives the following LEMMA 2. -For any ^-Einstein Hermitian surface the following identity holds: (15) ds*+^9=2Rico((9).
Furthermore, we compute
Now, by the Ricci identity ^(Rico) = --, the equality (13), and Lemma 2, we infer^(
Taking the codifferential to both sides in (15) we finally reach the following expression for the square-norm of Rico: 
D
If M is compact, we denote by c^ the first Chern number of (M, J). Then we have for t = .. Since the metric g^ is locally conformally Kahler, it follows from (10) that the self-dual Weyl tensor vanishes. Consider the (almost) complex structure J on M, defined on span(0, JO) to be equal to J and on the orthogonal complement of span(^, JO) to be equal to -J. It is easily seen that (M, g, J) is a generalized Hopf surface and J is compatible with the inverse orientation of M. Moreover, the corresponding Lee form 0 is equal to 0, hence the *-scalar curvature of (<y, J) vanishes. Since the corresponding 1-parameter family of inverse oriented generalized Hopf structures is (^ 3)ŵ e conclude as above that the anti-self-dual Weyl tensor of g i vanishes as well, i.e., ^i is conformally flat.
Conversely, starting from a conformally flat generalized Hopf surface (M,^,J), we have by (10) that the conformal curvature K vanishes, i.e., 3 s == ^|(9| 2 according to (9) . Then it follows from (9)', (23) and Lemma 4 that the metric g* = g__ i is *-Einstein. D
6
Remark 3. -The Hermitian scalar curvature u of a Hermitian surface (M, /i, J) is by definition the trace of the Ricci form of the Hermitian connection of (fa,J). It is known (see [12] ) that u is related to the scalar and *-scalar curvatures of (/i, J) by -^M Consider now the case s* = 0. It follows from (9)' that s is a positive constant. In particular, 6 does not vanish on an open dense subset of M. As we have already mentioned, the equality in (25) implies that the Ricci tensor (for the latter equality we made use of the well known formula D^F == -(X A J6 + JX A (9), cf. [18] .) The universal cover M of (M, h) then splits as M = R x N, where N is a compact Riemannian 3-manifold whose Ricci ( s s s\ tensor has eigenvalues ., -, -). Rescaling the metric h and the vector field $ if necessary, we may assume that 5=4 and \J^\ = 1, i.e., J^ is a unit Killing vector field on N such that ^^(J^, X) = J"$AX, for any vector field X on N. Hence J^ determines a Sasakian structure on N, since N is 3-dimensional. It follows from [31] that the Lee form of (h, J) is parallel, i.e., (M, /i, J) is a generalized Hopf surface. Now applying Theorem 2 and the classification of compact conformally flat Hermitian surfaces [9] , [23] we complete the proof of Theorem 1.
